Wreath Product Generalizations of the Triple $(S_{2n},H_{n},\phi)$ and
  Their Spherical Functions by Mizukawa, Hiroshi
ar
X
iv
:0
90
8.
30
56
v2
  [
ma
th.
RT
]  
12
 O
ct 
20
10
WREATH PRODUCT GENERALIZATIONS OF THE TRIPLE
(S2n, Hn, ϕ) AND THEIR SPHERICAL FUNCTIONS
HIROSHI MIZUKAWA
Abstract. The symmetric group S2n and the hyperoctaheadral group Hn is a Gelfand
triple for an arbitrary linear representation ϕ of Hn. Their ϕ-spherical functions can be
caught as transition matrix between suitable symmetric functions and the power sums.
We generalize this triplet in the term of wreath product. It is shown that our triplet
are always a Gelfand triple. Furthermore we study the relation between their spherical
functions and multi-partition version of the ring of symmetric functions.
Key Words: finite spherical harmonics, Gelfand triple, Hecke algebra, zonal polynomial,
Schur function, Schur’s Q-function
1. introduction
This paper deals with spherical harmonics on a finite Gelfand triple which is a gener-
alization of the triple (S2n, Hn, ϕ), where S2n is the symmetric group of degree 2n, Hn is
the hyperoctahedral group and ϕ is an arbitrary linear character of Hn. We adopt the
terminology ”Gelfand triple” by the usage of Bump’s book [2]. One of main purposes of
this paper is to describe an explicit form of the irreducible decomposition of their induced
representations. Furthermore we attempt to express their spherical functions as explicit
as possible.
Roughly speaking, representation theory of wreath products can be said the multi-
partition version of representation theory of the symmetric groups. Their irreducible
representations and characters can be explicitly computed. It seems to be no new rep-
resentational theoretical property of wreath products. Nevertheless, from the view point
of spherical harmonics, they give us interesting mathematical objects like a multivariable
version of hypergeometric functions as their zonal spherical functions [8, 9]. Furthemore,
recent study of finite spherical harmonics related to wreath products succeed in finding
new orthogonal polynomials and combinatorial or statistical interpretations of permuta-
tion representations [3, 10, 11]. Therefore it is important to find new finite Gelfand triples
and analyze their structures as finite homogeneous spaces.
As mentioned above, the triple (S2n, Hn, ϕ) is a Gelfand triple, i.e. ϕ ↑S2nHn is a multi-
plicity free as S2n-module. The characters of Hecke algebra associate with (S2n, Hn, ϕ)
Classification number :20C05,05E05,05E10,05E35.
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are called ϕ-spherical functions. It is known that ϕ-spherical functions of this case are
deeply related to zonal polynomials and Schur’s Q-functions [5, 12]. To be more explicit,
ϕ-spherical functions appear in coefficients of the power sums in these symmetric func-
tions. This fact gives an representation theoretical meaning to these symmetric functions.
Algebraically there exist isomorphisms called characteristic maps between the direct sum
of their Hecke algebras and the ring of symmetric functions. In this paper, we consider
an generalization of the triplet by changing S2n into a wreath product SG2n = G ≀ S2n.
We define a subgroup HGn of SG2n which is a natural generalization of Hn (details are in
Section 2). In [10], the author shows the triplet (SG2n, HGn, 1) is Gelfand triple. When
the Frobenius-Schur indicator of all irreducible characters of G is equal to 0 or 1, their
spherical functions are obtained as the coefficients of multi-partition version of power
sum in product of Schur functions and zonal polynomials. Here we have to explain multi-
partition version of symmetric functions. For a finite set A, we prepare the power sums
pr(a) (a ∈ A) and set Λ[A] = C〈pr(a) | a ∈ A, r ≥ 1〉. We call Λ[A] the multi-partition
version of the ring of symmetric functions associated with A. In the book [7], the charac-
ter theory of wreath products is introduced in terms of Λ[G∗], where G∗ denotes the set of
the irreducible representations of a finite group G. Recently Ingram, Jing and Stitzinger
study this type of symmetric functions in [13].
One of our main result of this paper is to show that a triplet (SG2n, HGn,Θξ,π) is a
Gelfand triple for an arbitrary linear character Θξ,π ofHGn. Here all linear representations
of HGn can be indexed by linear representations ξ of G and π of Hn (see. Section 4.1).
The irreducible representations of SG2n are indexed by a |G∗|-tuple of partitions (λ(χ) |
χ ∈ G∗). The problem we should consider is: which partitions appear as irreducible
component of Θξ,π ↑SG2nHGn ? To answer this problem, we need to show a twisted version
Frobenius-Schur theorem:
νξ2(χ) =
1
|G|
∑
g∈G
ξ(g)χ(g2) = −1, 0, 1 (Theorem 3.5).
We see that these three values 1, 0 and -1 determine the type of a partition λ(χ) in a
irreducible component indexed by (λ(χ) | χ ∈ G∗) of the induced representation. After
completing this problem, we consider the Θξ,π-spherical functions of (SG2n, HGn,Θξ,π).
We are greatly interested in Θξ,π-spherical function because they gives sometimes impor-
tant examples of orthogonal functions. Actually our Θξ,π-spherical functions appear as
coefficients of multi-power sum of product including Schur functions, Schur’s Q-functions
and Jack polynomials at the parameter α = 2 and 1/2.
This paper is organized as follows. We prepare the almost all notations used in this
paper in Section 2. In section 3, we consider a twisted version of the Frobenius-Schur
formula through an analysis of (SG2, HG1,Θξ,π). As conclusion of this section, we have a
certain relation between the number of irreducible representations of finite groups and that
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of conjugacy classes. Section 4 is devoted to description of the irreducible decomposition
of our triplet. Simultaneously we discuss basis of the Hecke algebra. The main tool of
this section is the relation obtained in Section 3. In section 5, we consider spherical
functions. Two special cases are computed explicitly. In section 6, we obtain the relation
between Θξ,π-spherical functions and multi-partition version of symmetric functions. We
construct an graded algebra which are the direct sum of Hecke algebra. We make an
isomorphism CHπ between the graded Hecke algebra and a certain multi-partition version
of the symmetric functions. We see that the image of Θξ,π-spherical functions under CHπ
is products of some symmetric functions. In the last section, we apply the spherical
harmonics of our triplet to the case of G = Z/2Z and see a their Θξ,π-spherical functions
are essentially same as the characters of symmetric groups.
2. Preliminaries
Let G be a finite group. We denote by G∗ (resp. G
∗) the set of the conjugacy classes
(resp. a complete representatives of the irreducible representations) of G. Let L(G) be
the set of all linear characters of G. For g ∈ G, Cg denotes the conjugacy class of g.
Put ζg =
|G|
|Cg |
. For γ ∈ G∗, we denote by χγ the character of a representation γ. We
always identify {χγ|γ ∈ G∗} with G∗. Fix η ∈ L(G). Put G∗∗ = {Cg ∪ Cg−1|g ∈ G} and
G∗∗η = {ρ|ρ ∈ G∗}/∼η , where,
ρ ∼η σ ⇔ χρ = χσ or χρ = χσ ⊗ η (ρ, σ ∈ G∗).
By fixing a representatives, we identify G∗∗η with a subset of G
∗. Put n∗∗ = |G∗∗| and
nη∗∗ = |G∗∗η |. We remark n∗∗ = n1∗∗, where 1 is the trivial representation of G. If Cg = Cg−1
(resp. Cg 6= Cg−1), then we call Cg and Rg = Cg ∪ Cg−1 a real (resp. a complex).
Example 2.1. In the case of G = C6 = 〈a | a6 = 1〉 , we set ξm : a 7→ exp 2mπi6 (0 ≤ m ≤
5). Then we have G∗∗ = {{1}, {a, a5}, {a2, a4}, {a3}} and G∗∗ξ1 = {{ξ0, ξ1}, {ξ2, ξ5}, {ξ3, ξ4}}.
Denote by CG the group algebra of G. We identify f =
∑
x∈G f(x)x ∈ CG with the
function x 7→ f(x). Under this identification, the multiplication in CG is given by the
convolution: (f1f2)(x) =
∑
y∈G f1(y
−1)f2(yx). Let H be a subgroup of G. For ξ ∈ L(H),
let eξ =
1
|H|
∑
h∈H ξ(h
−1)h. A subalgebra Hξ(G,H) = eξCGeξ of CG is called a Hecke
algebra of a triplet (G,H, ξ). The Hecke algebra Hξ(G,H) can be identified with
{f : G→ C | f(gh) = f(hg) = ξ(h)f(g) (∀g ∈ G, ∀h ∈ H)}.
We denote by ξ ↑GH a representation of G induced from ξ. If ξ ↑GH is multiplicity-free as
G-module, then we call the triplet (G,H, ξ) a Gelfand triple. From Schur’s lemma, “ ξ ↑GH
is multiplicity-free” and “Hξ(G,H) is commutative” are equivalent. In this paper, we only
consider representations of finite groups. Therefore we assume that each representation
space V of G has G-invariant inner product 〈, 〉V . We assume that (G,H, ξ) is a Gelfand
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triple. Let γ ∈ G∗ be an irreducible component of ξ ↑GH . Then there is a unique element
of γ satisfying
hv0 = ξ(h)v0 and 〈v0, v0〉γ = 1.
We define a ξ-spherical function by
ωγ(g) = 〈v0, gv0〉W .
Also ξ-spherical function has the following expression;
ωγ =
|G|
dim γ
eγeξ,
where eγ =
dim γ
|G|
∑
g∈G χγ(g
−1)g.
Let λ be a partition and let Pn be the set of all partitions of n. We denote by λ
′ the
transpose of λ. For λ, mi(λ) denotes the multiplicity of i in λ. Let ℓ(λ) be the length of
λ. If all parts of λ are even (resp. odd), then we call it a even (resp. odd) partition. We
denote by EPn (resp. OPn) the set of all even (resp. odd) partitions of n. Let SPn be the
set of all strict partitions of n. Set P = ∪n≥0Pn, SP = ∪n≥0SPn, OP = ∪n≥0OPn and
EP = ∪n≥0EPn. We denote by D(µ) the doubling of µ ∈ SP (cf. [12]). For example,
D(421) = (5441). Let λ = (λ(x)|x ∈ X) be a |X|-tuple of partitions for a set X . We
define the weight of λ by |λ| = ∑x∈X |λ(x)|. For two partitions λ and µ, we define a
partition λ ∪ µ by mi(λ ∪ µ) = mi(λ) + mi(µ) for any i. For λ = (λ(x)|x ∈ X) and
µ = (µ(x)|x ∈ X), set λ∪µ = (λ(x)∪ µ(x)|x ∈ X). For (ρ(x) | x ∈ X), we define ρˆ to be
a partition
⋃
x∈X ρ(x).
The hyperoctahedral group Hn is a subgroup of S2n defined by
Hn ∼= 〈(2i− 1, 2i), (2j − 1, 2j + 1)(2j, 2j + 2) | 1 ≤ i ≤ n, 1 ≤ j ≤ n− 1〉.
Hn is the centralizer of an element (12)(34) · · · (2n − 1, 2n) ∈ S2n. Here we remark
〈(2j − 1, 2j + 1)(2j, 2j + 2) | 1 ≤ i ≤ n, 1 ≤ j ≤ n − 1〉 ∼= Sn = 〈(i, i+ 1)|1 ≤ i ≤ n−1〉.
We define an isomorphism φn from Sn onto 〈(2j−1, 2j+1)(2j, 2j+2)|1 ≤ i ≤ n, 1 ≤ j ≤
n− 1〉 ⊂ Hn by
φn((i, i+ 1)) = (2i− 1, 2i+ 1)(2i, 2i+ 2).
We consider the wreath product SGn = G ≀ Sn = {(g1, g2, · · · , gn : σ) | gi ∈ G, σ ∈ Sn} of
a finite group G with a symmetric group Sn. We define a subgroup HGn of SG2n by
HGn = {(g1, g1, g2, g2, · · · , gn, gn : σ) | σ ∈ Hn}.
Put λ = (λ(χ) | χ ∈ G∗) and |λ| = n. We denote by S(λ) the irreducible representation of
SGn indexed by λ which is constructed by the following way (cf. [6]). Let Vχ be an irre-
ducible representation of G affording a character χ and Sλ be an irreducible representation
of Sn indexed by a partition λ. We can define an action of SGn on S
λ(χ) = V ⊗nχ ⊗ Sλ by
(g1, · · · , gn : σ)v1 ⊗ · · · ⊗ vn ⊗ w = g1vσ−1(1) ⊗ · · · ⊗ gnvσ−1(n) ⊗ σw,
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where vi ∈ Vχ and w ∈ Sλ. Set nχ = |λ(χ)| and n = (nχ | χ ∈ G∗). We have S(λ) ∼=⊗
χ∈G∗ S
λ(χ)(χ) ↑SGn
SG(n), where SG(n) =
∏
χ∈G∗ SGnχ. It is a fact that {S(λ) | |λ| = n}
gives a complete representatives of the irreducible representations of SGn.
In [10], the author shows the following theorem.
Theorem 2.2. [10]
(1) For any x ∈ SG2n, we have HGnxHGn = HGnx−1HGn.
(2) The double cosets HGn\SG2n/HGn are indexed by |G∗∗|-tuple of partitions ρ =
(ρ(R)|R ∈ G∗∗) such that
∑
R∈G∗∗
|ρR| = n.
We define some notations of special elements of the symmetric groups and wreath
products. After the definition, we see examples of these symbols.
Definition 2.3. (1) For xi ∈ Sni (1 ≤ i ≤ m), We define a parmutation [x1, x2, · · · , xm]n1,··· ,nm
to be a natural embedding of x1 × · · · × xm in Sn1+···+nm.
(2) For a partition ρ = (ρ1, · · · , ρℓ(ρ)) ∈ Pn, we define a parmutation [ρ] by [ρ] =
[ρ1, · · · , ρℓ(ρ)]ρ1,··· ,ρℓ(ρ).
(3) In a similar way of 1, for Xi ∈ SGni (1 ≤ i ≤ m), we define an element
[X1, · · · , Xm]n1,··· ,nm to be a natural embedding of X1×· · ·×Xm ∈ SGn1×· · ·×SGnm
in SGn1+···+nm.
Example 2.4. (1) If x = (12) ∈ S3, y = (13)(24) ∈ S4 and z = (12) ∈ S2, then
[x, y, z]3,4,2 = (12)(46)(57)(89) ∈ S9.
(2) For a partition ρ = (4, 2, 2), we have [(4, 2, 2)] = (1234)(56)(78) ∈ S8.
(3) If X = (g1, g2, g3 : (12)) ∈ SG3, Y = (g4, g5, g6, g7 : (13)(24)) ∈ SG4 and Z =
(g8, g9 : (12)) ∈ SG2, then [X, Y, Z]3,4,2 = (g1, · · · , g9 : (12)(46)(57)(89)) ∈ S9.
Under these notations, we can choose the complete representative of HGn\SG2n/HGn
as follows.
Theorem 2.5. [10] Set G∗∗ = {R1, R2, · · · , Rs} and fix an element gRi of Ri (1 ≤ i ≤ s).
Let ρ(Ri) = (ρ1(Ri), ρ2(Ri), · · · ) be a partition of ni. Put
x(Ri) =

(1, · · · 1, gRi︸ ︷︷ ︸
2ρ1(Ri)
, 1, · · ·1, gRi︸ ︷︷ ︸
2ρ2(Ri)
, · · · , 1, · · ·1, gRi︸ ︷︷ ︸
2ρℓ(ρ(Ri))(Ri)
, : [2ρ(Ri)]), ρ(Ri) 6= ∅
∅, ρ(Ri) = ∅.
If n1 + · · ·ns = n, then each complete representative of HGn\SG2n/HGn corresponding
to ρ = (ρ(R)|R ∈ G∗∗) can be chosen by the following form
x(ρ) = [x(R1), · · · , x(Rs)]2n1,··· ,2ns.
If G is the trivial, then the set {[2ρ] | ρ ∈ Pn} is a complete representatives of
Hn\S2n/Hn (cf. [5]).
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Example 2.6. We consider G = C4 = {e, a, a2, a3} and n = 4. Then we have G∗∗ =
{R1 = {0}, R2 = {1, 3}, R3 = {2}}. We consider a representative of HG4\SG8/HG4
corresponding to (∅, (1), (2, 1)). We have x(R1) = ∅, x(R2) = (e, a : (12)) and x(R3) =
(e, e, e, a2, e, a2 : (1234)(56)) . Therefore we have
[∅, (e, a : (12)), (e, e, e, a2, e, a2 : (1234)(56))]0,2,6 = ( e, a︸︷︷︸
2
, e, e, e, a2, e, a2︸ ︷︷ ︸
4,2
: (12)(3456)(78)).
3. Twisted Frobenius-Schur’s Theorem
Let G be a finite group. The following identity is known as the Frobenius-Schur’s
theorem:
1
|G|
∑
g∈G
χ(g2) = 1,−1 or 0.
Fix ξ ∈ L(G). In this section, we consider the following summation:
νξ2(χ) =
1
|G|
∑
g∈G
ξ(g)χ(g2).
We consider a pair (SG2, HG1). This pair is a Gelfand pair (cf. [10]). Fix a complete
representatives {gR|R ∈ G∗∗} of G∗∗. A complete representatives of their double coset
can be chosen by
{(1, gR; 1)|R ∈ G∗∗},
where we remark (1, gR; 1) = (1, gR; (12))(1, 1; (12)) (cf. Theorem 2.5). We remarkHG1 ∼=
G× S2, therefore any element of L(HG1) can be written as
(ξ ⊗ ε)(g, g; σ) = ξ(g)ε(σ),
where ε is the trivial or sign representation of S2.
In unitary representation theory of finite groups, the following proposition is well known.
Proposition 3.1. (1) Let R1 and R2 be unitary representations of G. If R1 ∼ R2,
then there exists a unitary matrix S such that SR1S
−1 = R2.
(2) Let R be a unitary representation of G. A matrix U satisfy
UR(x)U−1 = R(x),
if and only if U = tU (R is a type I ),U = −tU (R is a type II ).
Proposition 3.2. Let χ be an irreducible character of G. Then we have
1
|G|
∑
x∈G
ξ(x)χ(x2) =
α (χ = χ⊗ ξ)0 (χ 6= χ⊗ ξ),
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where |α| = 1.
Proof. First we assume
χ = χ⊗ ξ (⇔ χ = χ⊗ ξ).
LetR(x) = (rij(x))1≤i,j≤d be a unitary matrix representation affording χ. ThenDξ(x)
tR(x)−1 =
Dξ(x)R(x), where Dξ(x) = diag(ξ(x), · · · , ξ(x)) , is a unitary matrix representation af-
fording ξ ⊗ χ. Under our assumption, Proposition 3.1-(1) gives us
R(x) = Pξ,RDξ(x)R(x)P
∗
ξ,R,(1)
where Pξ,R = (pij) is a unitary matrix. Taking the complex conjugate of (1), we have
R(x) = Pξ,RDξ(x)R(x)P
∗
ξ,R.(2)
From (1) and (2) we have
R(x) = Pξ,RPξ,RR(x)P ∗ξ,RP
∗
ξ,R.
Since Pξ,RPξ,R is a scalar unitary matrix, we can put
Pξ,RPξ,R = αE,
where |α| = 1 and E = diag(1, · · · , 1). We compute
1
|G|
∑
x∈G
ξ(x)χ(x2) =
1
|G|
∑
x∈G
ξ(x)trR(x2) =
1
|G|
∑
x∈G
ξ(x)trR(x)R(x)
=
1
|G|
∑
x∈G
ξ(x)trR(x)R(x−1)∗ =
1
|G|
∑
x∈G
(∑
ij
ξ(x)rij(x)rij(x−1)
)
=
1
|G|
∑
ij
(∑
x∈G
ξ(x)rij(x)rij(x−1)
)
=
1
|G|
∑
ij
(∑
x∈G
(
∑
k,ℓ
pikrkℓ(x)pjℓ)rij(x−1)
)
=
∑
k,ℓ
∑
ij
pikpjℓ
(
1
|G|
∑
x∈G
rkℓ(x)rij(x−1)
)
=
trPξ,RPξ,R
d
= α.
We remark that α does not depend on choices of R.
Second we assume
χ 6= χ⊗ ξ.
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We compute
1
|G|
∑
x∈G
ξ(x)χ(x2) =
1
|G|
∑
x∈G
ξ(x)trR(x2) =
1
|G|
∑
x∈G
ξ(x)trR(x)R(x)
=
1
|G|
∑
x∈G
ξ(x)trR(x)R(x−1)∗ =
1
|G|
∑
x∈G
(∑
ij
ξ(x)rij(x)rij(x−1)
)
=
1
|G|
∑
ij
(∑
x∈G
rij(x)rij(x−1)ξ(x
−1)
)
= 0.

Proposition 3.3. (SG2, HG1, ξ ⊗ ε) is a Gelfand triple.
Proof. The irreducible characters of SG2 are of the following forms;
T χ1 (g, h; σ) = χ(g)χ(h)δ1σ + χ(gh)δ(12)σ,
T χsgn(g, h; σ) = sgn(σ)(χ(g)χ(h)δ1σ + χ(gh)δ(12)σ),
Uχ,η(g, h; σ) = δ1,σ(χ(g)η(h) + χ(h)η(g)), (χ 6= η), ,
where χ and η are irreducible characters of G. We remark that Uχ,η = Uη,χ. For ε1 = 1
or sgn, we compute
〈T χε1 , ξ ⊗ ε〉HG1 =
1
2|G|
∑
g∈G
χ(g)χ(g)ξ(g) + ε1(12)ε(12)
1
2|G|
∑
g∈G
χ(g2)ξ(g)
=
1
2
〈χ, χ¯⊗ ξ〉G + ε1(12)ε(12) 1
2|G|
∑
g∈G
χ(g2)ξ(g)
=
12 + ε1(12)ε(12)α2 (χ = χ¯⊗ ξ)0 (χ 6= χ¯⊗ ξ).
Since |α| = 1 and 〈T χε1, ξ ⊗ ε〉HG1 is an integer, we have α = ±1 and
〈T χε1 , ξ ⊗ ε〉HG1 =
1 (χ = χ¯⊗ ξ and ε1(12) = αε(12)),0 (otherwise).
〈(χ, η; 1), ξ ⊗ ε1〉HG1 =
1
2|G|
∑
g∈G
2χ(g)η(g)ξ(g) = 〈χ, η¯ ⊗ ξ〉G
=
1 (χ = η¯ ⊗ ξ)0 (χ 6= η¯ ⊗ ξ).
Therefore ξ⊗ ε ↑ is multiplicity free. Simultaneously we have all irreducible components.

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Also we have
Proposition 3.4. (1)
(ξ ⊗ 1) ↑SG2HG1=
⊕
χ=ξ⊗χ
ν
ξ
2(χ)=1
S(2)(χ)⊕
⊕
χ=ξ⊗χ
ν
ξ
2(χ)=−1
S(1
2)(χ)⊕
⊕
χ 6=ξ⊗χ
ν
ξ
2(χ)=0
S(1)(χ)⊗ S(1)(ξ ⊗ χ) ↑SG2SG1×SG1
(2)
(ξ ⊗ sgn) ↑SG2HG1=
⊕
χ=ξ⊗χ
ν
ξ
2(χ)=1
S(1
2)(χ)⊕
⊕
χ=ξ⊗χ
ν
ξ
2(χ)=−1
S(2)(χ)⊕
⊕
χ 6=ξ⊗χ
ν
ξ
2(χ)=0
S(1)(χ)⊗ S(1)(ξ ⊗ χ) ↑SG2SG1×SG1
From the proof of Proposition 3.3, we have a twisted version of the Frobenius-Schur’s
theorem (See also [1, Theorem 9]).
Theorem 3.5. Let χ be an irreducible character of G. Then we have
νξ2(χ) =
1
|G|
∑
x∈G
ξ(x)χ(x2) =
±1 (χ = χ⊗ ξ)0 (χ 6= χ⊗ ξ).
Next we consider a basis of Hξ,ε(SG2, HG1) associated with the double coset. Fix a
complete representatives {gR | gR ∈ R} of G∗∗. For (g1, g2 : σ) ∈ SG2, we define a element
of Hξ,ε(SG2, HG1) by
K(g1,g2;σ) =
∑
x,y∈HG1
ε(xy)ξ(xy)x(g1, g2; σ)y.
Clearly {Kx|x ∈ SG2} spans Hξ,ε(SG2, HG1).
Proposition 3.6. K(1,g;σ) = 0 if and only if ξ(g) = −1 and Cg = Cg−1.
Proof. Fix an element g ∈ G. We consider elements a, b ∈ G and τ, θ ∈ S2 satisfying
(a, a; τ)(1, g : σ)(b, b; θ) = (1, g; σ).
Since σ = 1 or (12), we have τ = θ.
First we consider the case of τ = θ = 1. Then we have ab = 1 and aga−1 = g.
Second we consider the case of τ = θ = (12). Then we have ab = g and aga−1 = g−1.
Therefore the conjugacy class of g is a real and ξ(g) = ±1. When ξ(g) = −1 , a
computation
K(1,g;σ) = K(a,a;(12))(1,g:σ)(b,b;(12)) = ξ(ab)K(1,g;σ) = ξ(g)K(1,g;σ) = −K(1,g;σ),
gives us K(1,g;σ) = 0. Let Co(K(1,g:σ)) be the coefficient of (1, g : σ) in K(1,g;σ). The same
computation gives us Co(K(1,g:σ)) =

0 (ξ(g) = −1 and Cg = Cg−1)
2ζg (ξ(g) = 1 and Cg = Cg−1)
ζg (Cg 6= Cg−1).

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Clearly {KgR | R ∈ G∗∗ such that Kg 6= 0} are linearly independent. Also Proposition
3.6 gives us
Proposition 3.7. A set
{KgR | R ∈ G∗∗. If R is real, then ξ(gR) 6= −1.}
gives a basis of Hξ,ε(SG2, HG1).
Combining Proposition 3.3 and Proposition 3.7, we have
Proposition 3.8. We denote by ξ(C) the value of ξ on a conjugacy class C. Then we
have
|{χ|χ = χ⊗ ξ}|+ 1
2
|{χ|χ 6= χ⊗ ξ}| = |G∗∗| − |{C|C = C−1, ξ(C) = −1}|.
Put
nξ = |{C|C = C−1, ξ(C) = −1}, nR,ξ = |{C|C = C−1, ξ(C) = 1}|, nC = {C|C 6= C−1},
nR = n∗∗ − 1
2
nC , n
R,ξ = |{χ|χ = χ⊗ ξ}| and nC,ξ = |{χ|χ 6= χ⊗ ξ}|.
Corollary 3.8 gives us
nR,ξ +
1
2
nC,ξ = n∗∗ − nξ.(3)
The following is just the relation between the number of the irreducible representation
and the number of the conjugacy classes.
nR,ξ + nC,ξ = n∗∗ +
1
2
nC .(4)
From (3) and (4), we have
Theorem 3.9.
1
2
nC + nξ =
1
2
nC,ξ
and
nR − 2nξ = nR,ξ.
This proposition is a generalization of the fact nC = n
C,1 and nR = n
R,1.
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Example 3.10. The character table of G = GL2(F3) is
G∗ C1 C2 C3 C4 C5 C6 C7 C8
G∗∗ R1 R2 R3 R4 R5 R6 R7 R7 ν
1
2(χ) ν
ξ
2(χ)
χ1 1 1 1 1 1 1 1 1 1 0
χ2 1 1 1 1 1 −1 −1 −1 1 0
χ3 2 2 2 −1 −1 0 0 0 1 −1
χ4 3 3 −1 0 0 1 −1 −1 1 0
χ5 3 3 −1 0 0 −1 1 1 1 0
χ6 2 −2 0 −1 1 0
√
2i −√2i 0 −1
χ7 2 −2 0 −1 1 0 −
√
2i
√
2i 0 −1
χ8 4 −4 0 1 −1 0 0 0 1 −1

.
We set ξ = χ2 and have
χj = ξ ⊗ χj (j = 3, 6, 7, 8), χ1 = ξ ⊗ χ2 and χ4 = ξ ⊗ χ5.
In this case, we have nξ = 1 = |{C6}|, nC = 2 and nC,ξ = 4 = |{χi; i = 1, 2, 4, 5}|.
4. Irreducible Decomposition of Induced Representations
4.1. linear representation of HGn. The hyperoctahedral group Hn has exactly four
linear characters;
L(Hn) = {1, δ, ι, δ ⊗ ι},
which are defined byδ((2i−1, 2i)) = −1δ(σ) = 1 and
ι((2i−1, 2i)) = 1,ι(σ) = sgn(φ−1n (σ))
for 1 ≤ i ≤ n and σ ∈ φ(Sn). We remark that δ is obtained by restricting the sign
representation of S2n to Hn. The following are known as the Littlewood’s formula.
Proposition 4.1. (1) 1 ↑S2nHn =
⊕
λ∈Pn
S2λ.
(2) δ ↑S2nHn =
⊕
λ∈Pn
S(2λ)
′
.
(3) ι ↑S2nHn =
⊕
λ∈SPn
SD(λ).
(4) δ ⊗ ι ↑S2nHn =
⊕
λ∈SPn
SD(λ)
′
.
Let π ∈ L(Hn) and ξ ∈ L(G). We define Θξ,π ∈ L(HGn) by
Θξ,π(g1, g1, · · · , gn, gn; σ) = ξ(g1g2 · · · gn)π(σ)
for (g1, g1, · · · , gn, gn; σ) ∈ HGn.
Proposition 4.2. L(HGn) = {Θξ,π | ξ ∈ L(G), π ∈ L(Hn)}.
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Proof. We remark the following isomorphism, HGn ∼= (G×Z/2Z)≀Sn. Therefore |L(HGn)| =
G/[G,G] × 2 × 2. It is clear that (ξ, π) 6= (ξ′, π′), if ξ 6= ξ′ or π 6= π′. Therefore
|{Θξ,π}| = 4×G/[G,G]. 
4.2. basis associated with double coset.
Definition 4.3. We define two subsets of P∗∗(n) by
P ξ,+∗∗ (n) =
(ρ(R)|R ∈ G∗∗); ρ(R) is
= ∅, (R is real and ξ ≡ −1 on R),∈ P, (otherwise).

and
P ξ,−∗∗ (n) =
(ρ(R)|R ∈ G∗∗); ρ(R) ∈

OP (R is real and ξ ≡ 1 on R),
EP, (R is real and ξ ≡ −1 on R),
P, (otherwise).
 .
Put
xm =
m∏
k=1
(k, 2m−k−1)(2m−1, 2m),
and
ym = (2m−1, 2m−3, · · · , 3, 1)(2m, 2m−2, · · · , 4, 2).
Since xm and ym are commutative with
∏n
i=1(2i− 1, 2i) , we have xm, ym ∈ Hn.
Proposition 4.4. Put σ = (1, 2, · · · , 2m) and g ∈ G. We assume that there exists z ∈ G
such that zgz−1 = g−1. Then we have
(g−1z, · · · , g−1z︸ ︷︷ ︸
2m−2
, z, z : xm)(1, · · · , 1, g : σ)(z−1g, · · · , z−1g︸ ︷︷ ︸
2m
: ymxm) = (1, · · · , 1, g : σ).
Proof. Since σ2 = (1, 3, 5, · · · , 2m− 1)(2, 4, 6, · · · , 2m) = y−1m and xmσ−1xm = σ, we have
xmσymxm = σ. 
Proposition 4.5. We have
(g−1z, · · · , g−1z, z, z : xm)(z−1g, · · · , z−1g : ymxm) = (1, · · · , 1, g, g : τm),
where τm = (246 · · ·2m)(135 · · ·2m− 1), and
Θξ,ε((g
−1z, · · · , g−1z, z, z : xm)(z−1g, · · · , z−1g : ymxm)) =
ξ(g) (ε = 1, δ),(−1)m+1ξ(g) (ε = ι, δ ⊗ ι).
Proof. A direct computation gives us xmymxm = τm ∈ Hn. Since φ−1n (τm) = (123 · · ·m),
we have ε(τm) = (−1)m+1. 
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Example 4.6. For g ∈ G, suppose there exists z ∈ G such that zgz−1 = g−1. Put
σ = (123456).
(g−1z, g−1z, g−1z, g−1z, z, z; x3)(1, 1, 1,1, 1, g; σ)(z
−1g, z−1g, z−1g, z−1g, z−1g, z−1g : y3x3)
= (1, 1, 1, 1, 1, g; σ)
(g−1z, g−1z, g−1z, g−1z, z, z; x3)(z
−1g, z−1g, z−1g, z−1g, z−1g, z−1g : y3x3) = (1, 1, 1, 1, g, g : τ3)
Proposition 4.7. Let x(ρ) be an element as in Theorem 2.5 for ρ = (ρ(R)|R ∈ G∗∗) ∈
P∗∗(n),
(1) For ε = 1 or δ, we have
eξ,εn x(ρ)e
ξ,ε
n 6= 0⇒ ρ ∈ P ξ,+∗∗ (n).
(2) For ε = ι or δ ⊗ ι, we have
eξ,εn x(ρ)e
ξ,ε
n 6= 0⇒ ρ ∈ P ξ,−∗∗ (n).
Proof. We assume ρ 6∈ P ξ,±∗∗ (n). Then we can choose y, z ∈ HGn which satisfy yx(ρ)z =
x(ρ) and Θξ,ε(yz) = −1 from Proposition 4.5. Since eξ,εn yx(ρ)zeξ,εn = Θξ,ε(yz)eξ,εn x(ρ)eξ,εn =
−eξ,εn x(ρ)eξ,εn , we have eξ,εn yx(ρ)zeξ,εn = 0. 
4.3. permutation representations. Fix ξ ∈ L(G).
Definition 4.8. Let X ′ = {λ′ | λ ∈ X} for a subset X of P . We define the following
four subsets of P ∗(n) = {λ = (λ(χ)|χ ∈ G∗) | |λ| = 2n}.
(1) P ∗∗ξ,1(n) =
(λ(χ)|χ ∈ G∗) | λ(χ) is

∈ E, (νξ2(χ) = 1),
∈ E′, (νξ2(χ) = −1),
= λ(ξ ⊗ χ) ∈ P, (νξ2(χ) = 0).
 .
(2) P ∗∗ξ,δ(n) =
(λ(χ)|χ ∈ G∗) | λ(χ) is

∈ E, (νξ2(χ) = −1),
∈ E′, (νξ2(χ) = 1),
= λ(ξ ⊗ χ) ∈ P, (νξ2(χ) = 0).
 .
Put DSP = {D(λ) | λ ∈ SP}.
(3) P ∗∗ξ,ι(n) =
(λ(χ)|χ ∈ G∗) | λ(χ) is

∈ DSP, (νξ2(χ) = 1),
∈ DSP ′, (νξ2(χ) = −1),
= λ(ξ ⊗ χ)′ ∈ P, (νξ2(χ) = 0).
 .
(4) P ∗∗ξ,δ⊗ι(n) =
(λ(χ)|χ ∈ G∗) | λ(χ) is

∈ DSP, (νξ2(χ) = −1),
∈ DSP ′, (νξ2(χ) = 1),
= λ(ξ ⊗ χ)′ ∈ P, (νξ2(χ) = 0).
 .
Proposition 4.9. (1) |P ∗∗ξ,1(n)| = |P ∗∗ξ,δ(n)| = |P ξ,+∗∗ (n)|.
(2) |P ∗∗ξ,ι(n)| = |P ∗∗ξ,δ⊗ι(n)| = |P ξ,−∗∗ (n)|.
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Proof. It is easy to obtain the first claim by using Theorem 3.9. The second claim can be
obtained by using Theorem 3.9 and two bijections:
SPn → OPn and Pn →
⋃
n0+n1=n
EPn0 ∪OPn1.

Example 4.10. We consider the character table of the quaternion group Q8. Put ξ = χ2.
C1 C2 C3 C4 C5
R1 R2 R3 R4 R5 ν
1
2 ν
ξ
2
χ1 1 1 1 1 1 1 0
χ2 1 −1 1 1 −1 1 0
χ3 1 1 1 −1 −1 1 0
χ4 1 −1 1 −1 1 1 0
χ5 2 0 −2 0 0 −1 1

.
We have the following bijections,
P ∗∗ξ,ε(n) = {λ = (λ, λ, µ, µ,D(ν))|λ, µ ∈ P, ν ∈ SP} −→
⋃
n0+n1+n2=n
Pn0 ∪ Pn1 ∪ SPn2
and
P ξ,ε∗∗ (n) = {(λ1, λ2, λ3, λ4, λ5)|λ1, λ3, λ5 ∈ P, λ2, λ4 ∈ EP}
−→
⋃
n1+n2+n3+n4+n5=n
OPn0 ∪ EPn1 ∪OPn2 ∪ OPn3 ∪ EPn4 −→
⋃
n0+n1+n2=n
Pn0 ∪OPn1 ∪ Pn2.
By using SPn ։ OPn, we have |P ∗∗ξ,ε(n)| = |P ξ,ε∗∗ (n)| .
Let χ be an irreducible character of G. For λ, µ ∈ Pn and ξ ∈ L(G), we denote by
Sλ,µ(χ, ξ) a irreducible representation Sλ,µ(χ, ξ) = Sλ(χ)⊗ Sµ(χ⊗ ξ) ↑SG2nSGn×SGn of SG2n.
Proposition 4.11. Let ξ ∈ L(G). Put x = (g1, g1, g2, g2, · · · , gn, gn; σ) ∈ HGn.
(1) S2λ(χ) is an irreducible component of
Θξ,1(x) ↑SG2nHGn (ν
ξ
2(χ) = 1)
Θξ,δ(x) ↑SG2nHGn (νξ2(χ) = −1).
(2) S(2λ)
′
(χ) is an irreducible component of
Θξ,1(x) ↑SG2nHGn (ν
ξ
2(χ) = −1)
Θξ,δ(x) ↑SG2nHGn (νξ2(χ) = 1).
(3) SD(λ)(χ) is an irreducible component of
Θξ,ι(x) ↑SG2nHGn (ν
ξ
2(χ) = 1)
Θξ,δ⊗ι(x) ↑SG2nHGn (νξ2(χ) = −1).
(4) SD(λ)
′
(χ) is an irreducible component of
Θξ,ι(x) ↑SG2nHGn (ν
ξ
2(χ) = −1)
Θξ,δ⊗ι(x) ↑SG2nHGn (νξ2(χ) = 1).
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(5) If νξ2(χ) = 0, then S
λ,λ(χ, ξ) is an irreducible component of Θξ,π(x) ↑SG2nHGn for π = 1
or δ.
(6) If νξ2(χ) = 0, then S
λ,λ′(χ, ξ) is an irreducible component of Θξ,π(x) ↑SG2nHGn for
π = ι or δ ⊗ ι.
Proof. We write σ ∈ Hn in the form of σ = (12)ǫ1(34)ǫ2 · · · (2n−1 2n)ǫnτ , where ǫi ∈ {0, 1}
and τ ∈ φ−1(Sn). Firstly we consider (1). If νξ2(χ) = 1 (resp. −1), then Vχ ⊗ Vχ has an
element fχ (resp. gχ) such that (g, g : (12))fχ = ξ(g)fχ (resp. (g, g : (12))gχ = −ξ(g)gχ)
from Proposition 3.4. From proposition 4.1, S2λ has an element u2λ such that σuλ = uλ.
We consider f⊗nχ ⊗ uλ ∈ S2λ(χ) and compute
xf⊗nχ ⊗ uλ = (g1, g1 : (12)ε1)fχ ⊗ · · · ⊗ (gn, gn : (2n− 1 2n)εn)fχ ⊗ σuλ
= ξ(g1)ξ(g2) · · · ξ(gn)f⊗nχ ⊗ uλ = ξ(g1g2 · · · gn)f⊗nχ ⊗ uλ.
Also we consider g⊗nχ ⊗ vλ ∈ S2λ(χ) and compute
xgχ
⊗n ⊗ vλ = (g1, g1 : (12)ε1)gχ ⊗ · · · ⊗ (gn, gn : (2n− 1 2n)εn)gχ ⊗ σuλ
= (−1)ε1+···+εnξ(g1)ξ(g2) · · · ξ(gn)g⊗nχ ⊗ uλ = δ(σ)ξ(g1g2 · · · gn)gχ⊗n ⊗ uλ.
(2),(3) and (4) are obtained by the same way. Second we consider the case of νξ2(χ) = 0.
Let ∆G be the diagonal subgroup of G×G. We consider the irreducible representations
χ1⊗χ2 of G×G. Then an easy computation of characters gives us the following formula
of the intertwining number; 〈χ1 ⊗ χ2, ξ〉∆G = δχ2,χ1⊗ξ (We will consider more detailed
discussion of this fact in Proposition 5.3). We remark an isomorphism Sλ(χ⊗ξ) ∼= Sλ(χ)⊗
S(n)(ξ). Therefore Sλ(χ) ⊗ Sλ(χ ⊗ ξ) have an element such that ykλ = ξ(x1x2 · · ·xn)kλ
for y = (x1, x1, · · · , xn, xn : τ) ∈ ∆SGn. Put t+ =
∏n
i=1(1 + (2i − 1 2i)) and t− =∏n
i=1(1 − (2i − 1 2i)). Since 〈(2i − 1 2i)|1 ≤ i ≤ n〉 ∩ φ−1(Sn) = {1}, the elements
t+ ⊗ kλ, t− ⊗ kλ ∈ Sλ,λ(χ, ξ) are nonzero and satisfyxt+ ⊗ kλ = t+ ⊗ ykλ = ξ(x1x2 · · ·xn)t+ ⊗ kλ,xt− ⊗ kλ = δ(σ)t− ⊗ ykλ = δ(σ)ξ(x1x2 · · ·xn)t− ⊗ kλ.
Therefore we obtain (5). By Remarking an isomorphism Sλ
′
(χ ⊗ ξ) ∼= Sλ(χ) ⊗ S(1n)(ξ),
(6) can be obtained by the same way of the case of (5). 
Theorem 4.12. (1) Let π ∈ L(Hn) and ξ ∈ G∗. We have
Θξ,π ↑SG2nHGn =
⊕
λ∈P ∗∗
ξ,π
S(λ).
In particular, the triplet (SG2n, HGn,Θξ,π) is a Gelfand triple.
(2) Let x(ρ) be an element as in Theorem 2.5 for ρ = (ρ(R)|R ∈ G∗∗) ∈ P 1,+∗∗ (n),
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(a) For ε = 1 or δ, we have
eξ,εn x(ρ)e
ξ,ε
n 6= 0⇔ ρ ∈ P ξ,+∗∗ (n).
(b) For ε = ι or δ ⊗ ι, we have
eξ,εn x(ρ)e
ξ,ε
n 6= 0⇔ ρ ∈ P ξ,−∗∗ (n).
Proof. Set π ∈ L(Hn), λ = (λ(χ) | χ ∈ G∗) ∈ P ∗∗ξ,π, n(λ) = (|λ(χ)| | χ ∈ G∗) and
SG(n(λ)) =
∏
χ∈G∗ SG|λ(χ)|. We define a subgroup of SG2n by
S˜G(n(λ)) =
∏
χ∈G∗∗ξ
ν
ξ
2(χ)=±1
SG|λ(χ)| ×
∏
χ∈G∗∗ξ
ν
ξ
2(χ)=0
SG2|λ(χ)|.
We remark that S˜G(n(λ)) contains SG(n(λ)) as its subgroup. From the transitivity of
the induction, we have
S(λ) =
⊗
χ∈G∗
Sλ(χ)(χ) ↑SGn
SG(n)=
⊗
χ∈G∗
ν
ξ
2(χ)=±1
S(λ(χ))⊗
⊗
χ∈G∗∗ξ
ν
ξ
2(χ)=0
Sλ(χ),λ
∗(χ)(χ, ξ) ↑SG2n
S˜G(n(λ))
,
where λ∗(χ) =
λ(χ), (π = 1, δ),λ′(χ), (π = ι, δ ⊗ ι). Let e(λ) ∈ CS˜G(n(λ)) be an idempotent such
that S(λ) ∼= CSG2ne(λ). The idempotent e(λ) can be described by the follows;
e(λ) =
∏
χ∈G∗∗ξ
e(λ(χ)),
where CSG|λ(χ)|e(λ(χ)) = S(λ(χ)) for ν
ξ
2(χ) = ±1 and CSG2|λ(χ)|e(λ(χ)) = Sλ(χ),λ∗(χ)(χ, ξ)
for νξ2(χ) = 0. We define a subgroup of S˜G(n(λ)) by
H˜G(n(λ)) = HGn ∩ S˜G(n(λ)) =
∏
χ∈G∗
ν
ξ
2(χ)=±1
HG |λ(χ)|
2
×
∏
χ∈G∗∗ξ
ν
ξ
2(χ)=0
HG|λ(χ)|.
Let e
Θξ,π
n be an idempotent of CHGn affording to Θξ,π. Put e
ξ,π
H˜G(n(λ))
= 1
|H˜G(n(λ))|
∑
x∈H˜G(n(λ))Θξ,π(x)x.
We compute
e
Θξ,π
n e(λ)(1) =
|H˜G(n(λ))|
|HGn| e
ξ,π
H˜G(n(λ))
e(λ)(1)
=
|H˜G(n(λ))|
|HGn|
∏
χ∈G∗
ν
ξ
2(χ)=±1
e
Θξ,π
|λ(χ)|
2
e(λ(χ))(1)×
∏
χ∈G∗∗ξ
ν
ξ
2(χ)=0
e
Θξ,π
|λ(χ)|e(λ(χ))(1).
Since each e
Θξ,π
m e(λ(χ))(1)’s in the equation above is a non-zero element from Proposition
4.11, e
Θξ,π
n e(λ) is nonzero. Therefore S(λ) is an irreducible component of Θξ,π ↑SG2nHGn .
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Proposition 4.7 gives us an upper bound of the dimension of HΘξ,π(SG2n, HGn). In
general, the number of distinct irreducible representations in Θξ,π ↑SG2nHGn is less than
dimHΘξ,π(SG2n, HGn). By combining these facts and Proposition 4.9, we have the both
claims of this theorem. 
5. Θξ,π-Spherical Functions
The rest part of the paper is devoted to computations of Θξ,π-spherical functions of our
commutative Hecke algebra HΘξ,π (SG2n, HGn) = eΘξ,πn CSG2neΘξ,πn . We remark Θξ,δ =
Θ1,δ⊗Θξ,1 and Θξ,δ⊗ι = Θ1,δ⊗Θξ,ι, thus we have HΘξ,δ(SG2n, HGn) ∼= HΘξ,1(SG2n, HGn)
and HΘξ,δ⊗ι(SG2n, HGn) ∼= HΘξ,ι(SG2n, HGn) (cf. [7]). Therefore we consider the cases
of π = 1 and ι.
Theorem 5.1. For λ ∈ P ∗∗ξ,π(n), the functions
Ωξ,πλ =
|HGn||SG2n|
|HGn ∩ S˜G(n(λ))| dimS(λ)
eξ,πHGne(λ) ∈ CSG2ne(λ).
are the Θξ,π-spherical functions of (SG2n, HGn,Θξ,π). Here e(λ) is an idempotent defined
in the proof of Theorem 4.12.
Proof. It is clear that xΩξ,πλ = Θξ,π(x)Ω
ξ,π
λ for x ∈ HGn. We compute
eξ,πHGne(λ)(1) =
|HGn ∩ S˜G(n(λ))|
|HGn| e
ξ,π
HGn∩S˜G(n(λ))
e(λ)(1)
=
|HGn ∩ S˜G(n(λ))|
|HGn|
∏
χ∈G∗
ν
ξ
2(χ)=±1
eξ,πHG |λ(χ)|
2
e(λ(χ))(1)×
∏
χ∈G∗∗ξ
ν
ξ
2(χ)=0
eξ,πHG|λ(χ)|e(λ(χ))(1)
=
|HGn ∩ S˜G(n(λ))|
|HGn|
∏
χ∈G∗∗
ξ
dimSλ(χ)(χ)
|SGλ(χ)| =
|HGn ∩ S˜G(n(λ))| dimS(λ)
|HGn||SG2n| .
Therefore Ωξ,πλ (1) = 1. 
In the below, we compute Θξ,π-spherical functions for two special cases.
First we consider the case of χ = ξ ⊗ χ i.e., νξ2(χ) = ±1. Let Vχ be an irreducible
unitary representation of G affording χ. Let v1, v2, · · · , vd be an orthonormal basis of Vχ.
Put an matrix representation Aρ of G on Vχ by
Aρ(g)vj =
d∑
i=1
rij(g)vi.
We can take a unitary matrix A = (aij) such that A
∗Aρ(g)A = Dξ(g)Aρ(g). By the same
computation of the proof of Proposition 3.3, we have AA = νξ2(χ)E ⇔ A = νξ2(χ)tA.
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Put W (λ) = W (λ;χ, ξ, π) =

2λ, (νξ2(χ) = 1, π = 1, λ ∈ Pn)
(2λ)′, (νξ2(χ) = −1, π = 1, λ ∈ Pn)
D(λ), (νξ2(χ) = 1, π = ι, λ ∈ SPn).
D(λ)′, (νξ2(χ) = −1, π = ι, λ ∈ SPn).
If νξ2(χ) = 1 (resp.
−1), then SW (λ) have an element vπλ such that hvπλ = π(h)vπλ (resp. hvπλ = π(h)δ(h)vπλ)
for h ∈ Hn and |vπλ | = 1 (cf. Proposition4.11). We define an inner product 〈, 〉 of
SW (λ)(χ) ∼= V ⊗2nχ ⊗ SW (λ) by
〈
2n⊗
j=1
tij ⊗ t,
2n⊗
j=1
uij ⊗ u〉 =
2n∏
j=1
〈tij , uij〉Vχ × 〈t, u〉SW (λ),
where tij , uij ∈ Vχ and t, u ∈ SW (λ). Put ωχ,λξ,π (σ) = 〈vπλ , σvπλ〉SW (λ) for σ ∈ S2n. Put
f =
∑
i,j aijvi ⊗ vj . Then direct computations give us (g, g : 1)f = ξ(g)(χ)f and (1, 1 :
(12))f = νξ2(χ)f . Put xn = (1, · · · , 1, g : [2n]), where [2n] = (12 · · ·2n). We compute
〈f⊗n ⊗ vλ, xnf⊗n ⊗ vλ〉 =
∑
i1,··· ,in
j1,··· ,jn
ajni1ai1j1 aj1i2ai2j2 · · · (
n∑
k=1
ajn−1krkin(g))ainjnω
χ,λ
ξ,π ([2n])
= tr((AA)n−1(AAρ(g)A))ω
χ,λ
ξ,π ([2n]) = tr((AA)
n−1(AAρ(g)A
−1)(AA))ωχ,λξ,π ([2n])
= (νξ2(χ))
n−1trAρ(g)ω
χ,λ
ξ,π ([2n]) = (ν
ξ
2(χ))
nχ(g)ωχ,λξ,π ([2n])
and
〈f⊗n ⊗ vλ, xnf⊗n ⊗ vλ〉 = (dimVχ)n.
We repeat the same computations and have
〈f⊗2n ⊗ vλ, x(ρ)f⊗2n ⊗ vλ〉 = (νξ2(χ))n
∏
R∈G∗∗
χ(gR)
ℓ(ρ(R))ωχ,λξ,π ([ρˆ]).
We use a notation ωχ,λξ,π (ρˆ) instead of ω
χ,λ
ξ,π ([ρˆ]) and have
Proposition 5.2. The Θξ,π-spherical functions associated to S
W (λ)(χ) are given by
Ωχ,λξ,π (x(ρ)) =
(νξ2(χ))
nωχ,λξ,π (ρˆ)
dimV nχ
∏
R∈G∗∗
χ(gR)
ℓ(ρ(R)).
Next we consider the case of νξ2(χ) = 0. Let S
o
n and S
e
n be symmetric groups on
{1, 3, 5, · · · , 2n−1} and {2, 4, 6, · · · , 2n} respectively. Put SGon = G≀Son and SGen = G≀Sen.
We consider the irreducible representation Sµ,µ
∗
(χ, ξ) = Sµ(χ) ⊗ Sµ∗(ξ ⊗ χ) ↑SG2nSGon×SGen,
where µ∗ =
µ, (π = 1),µ′, (π = ι). We just denote by ∆SGn a subgroup of SGon×SGen defined by
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HGn∩SGon×SGen. Let Tn be a subgroup of SG2n defined by Tn = 〈(1, · · · , 1; (2i−1, 2i)) |
1 ≤ i ≤ n〉.
Proposition 5.3. For η ∈ L(G), set ηˆ ∈ L(∆G) by ηˆ(g, g) = η(g). Then we have
ηˆ ↑G×G∆G =
⊕
χ∈G∗
χ⊗ (η ⊗ χ).(5)
In particular, (G×G,∆G, ηˆ) is a Gelfand triple. The ηˆ-spherical functions ωχ are given
by
ωχ(x, y) =
η(y−1)
χ(1)
χ(x−1y).
Proof. First, we compute 〈χ⊗ χ⊗ η, ηˆ〉∆G = 1|∆G|
∑
(g,g)∈∆G
χ(g)χ(g)η(g)η(g) = 〈χ, χ〉G =
1. Therefore ηˆ ↑G×G∆G includes χ ⊗ (η ⊗ χ) as an irreducible component. Since we have
ηˆ ↑G×G∆G (1) = |G| and
∑
χ∈G∗ χ(1)η(1)χ(1) = |G|, we obtain (5). Second, we have (see [7,
pp. 397 ])
ωχ(x, y) =
1
|∆G|
∑
(g,g)∈∆G
χ⊗ (η ⊗ χ)(x−1g, y−1g)η(g−1).
We compute
ωχ(x, y) =
1
|∆G|
∑
(g,g)∈∆G
χ(x−1g)η(y−1g)χ(y−1g)η(g−1)
=
η(y−1)
|G|
∑
g∈G
χ(x−1g)χ(y−1g)
=
η(y−1)
|G| χ
2(x−1y) =
η(y−1)
χ(1)
χ(x−1y).

From this proposition, Sµ(χ)⊗ Sµ∗(ξ ⊗ χ) is an irreducible component ofS(n)(ξ) ↑
SGon×SG
e
n
∆SGn
(π = 1)
S(1
n)(ξ) ↑SGon×SGen∆SGn (π = ι).
Since HGn = Tn × ∆SGn as a set, eΘξ,πn enjoys a factorization formula eΘξ,πn = eπneξ,πn =
eξ,πn e
π
n. Here e
π
n =
1
|Tn|
∑
t∈Tn
π(t)t and eξ,πn =
1
|∆SGn|
∑
x∈∆SGn
Θξ,π(x)x. We define a func-
tion on SG2n by
F ξ,πλ = e
Θξ,π
n eλ(χ)× eλ∗(χ⊗ ξ)eΘξ,πn = eπn(eξ,πn eλ(χ)× eλ∗(χ⊗ ξ)eξ,πn )eπn,
where eλ(χ) and eλ∗(χ ⊗ ξ) are idempotents corresponding to irreducible SGon-modules
Sλ(χ) and SGen-module S
λ∗(χ ⊗ ξ) respectively. Proposition 5.3 gives us a fact that a
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function F˜ ξ,πλ =
h(λ)2|G|2n
χ(1)2n
eξ,πn eλ(χ) × eλ∗(χ ⊗ ξ)eξ,πn is the
S(n)(ξ) (π = 1)S(1n)(ξ) (π = ι) -spherical
function of a Gelfand triple (SGon × SGen,∆SGn,Θξ,π), where Θξ,π is considered as the
restriction of Θξ,π to ∆SGn. For x ∈ SG2n, we have
eπnF˜
ξ,π
λ e
π
n(x) =
1
4n
∑
t,s∈Tn
π(ts)F˜ ξ,πλ (sxt).
We set x0 = (1, · · · , 1, g : (1, 2, · · · , 2n)) and tn = (12)(34) · · · (2n − 1, 2n). Then the
following is easy:
“sx0t ∈ SGon × SGen ⇔ s = 1, t = (1, · · · , 1 : tn) or s = (1, · · · , 1 : tn), t = 1”.
Put dλn(χ) =
1
dimSλ(χ)
. Let χλρ be the irreducible character of Sn, indexed by the partition
λ and evaluated at the conjugacy class ρ. Now we can compute (cf. [6, pp. 149, 4.3.9
Lemma])
eπnF˜
ξ,π
λ e
π
n(x0) =
π(tn)
4n
{F˜ ξ,πλ (1, · · · , 1, g : (135 · · ·2n− 1)) + F˜ ξ,πλ (1, · · · , 1, g, 1 : (246 · · ·2n))}
=

dλn(χ)
4n
(ξ(g−1)χ(g) + χ(g−1))χλ(n) (π = 1)
dλn(χ)
4n
(ξ(g−1)χ(g) + (−1)n−1χ(g−1))χλ(n) (π = ι).
For general x(ρ), repeating these computations with x(ρ) in place of x0 establishes the
following proposition.
Proposition 5.4. We obtain Θξ,π-spherical function of S
λ,λ∗(χ, ξ)
Ωχ,λξ,π (x(ρ)) =
χλρˆ
2n dimSλ(χ)
∏
R∈G∗∗
n∏
i=1
(
ξ(gR)χ(gR) + ǫ
ρi(R)−1
π χ(gR)
)mi(ρ(R))
,
where ǫπ =
1 (π = 1)−1 (π = ι).
6. Multi-Partitiversion of Symmetric Functions
Let pr(R) be a power sum symmetric function with variables (xi(R) | i ≥ 1) for each
R ∈ G∗∗ and Λ[G∗∗] = C〈pr(R) | r ≥ 1, R ∈ G∗∗〉. We define a subalgebra Λξ,πG of Λ[G∗∗]
by Λ
ξ,1
G = C〈pr(R) | R is a complex or ξ 6≡ −1 on R〉,
Λξ,ιG = C〈pr(R) | r is odd (resp. even), if ξ ≡ 1 (resp.− 1) on a real R〉.
Set, for ρ ∈ P∗∗,
Pρ(G∗∗) =
∏
R∈G∗∗
pρ(R)(R).
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Change variables by setting
pr(χ) =
∑
R∈G∗∗;real
ξ(gR)χ(gR) + ǫ
r−1
π χ(gR)
2ζgR
pr(R) +
∑
R∈G∗∗;complex
ξ(gR)χ(gR) + ǫ
r−1
π χ(gR)
ζgR
pr(R).
Here we remark pr(χ) = ǫπpr(ξ ⊗ χ). The second orthogonality relation gives us that
pr(χ)’s generate the ring Λ
ξ,π
G . PutHΘξ,πn = HΘξ,π(SG2n, HGn). SetHξ,π =
⊕
n≥0HΘξ,π(SG2n, HGn).
Here we consider to be HΘξ,π0 = C. We define a product on Hξ,π by fg = eΘξ,πm+n(f×g)eΘξ,πm+n
for f ∈ HΘξ,πm and g ∈ HΘξ,πn , where f × g means a natural embedding of CS2m × S2n in
CS2m+2n. From Proposition 4.7, we have a basis {eΘξ,πx(ρ)eΘξ,π | ρ ∈
⋃
n≥0 P
ξ,π
∗∗ (n)} of
Hξ,π.
We define a map Hξ,π onto Λξ,πG by
CHπ : e
Θξ,π
n x(ρ)e
Θξ,π
n 7→
√ ∏
R; real
2(1−ǫπ)ℓ(ρ(R))Pρ(G∗∗)
for ρ ∈ Pξ,π(n). Since there exists a ∈ φ(Sn × Sm) such that ax(ρ)× x(σ)a−1 = x(ρ ∪ σ)
(|ρ| = n and |σ| = m) , CH is a ring isomorphism between Hξ,π and Λξ,πG . Under our
definition, we have
CHπ(f) = CHπ(
∑
g∈SG2n
f(g)g) =
∑
ρ∈P ξ,π∗∗ (n)
|Dρ|f(x(ρ))CH(eΘξ,πx(ρ)eΘξ,π)
for f ∈ HΘξ,πn .
Proposition 6.1. Let J
(α)
λ be a Jack symmetric function indexed by λ at the parameter
α.
|HGn|−1CHπ(Ωλξ,π) =

|G|n
(dimVχ)n
J
(2)
λ (χ), (ν
ξ
2(χ) = 1, π = 1)
|G|n
(dimVχ)n
J˜
( 1
2
)
λ (χ), (ν
ξ
2(χ) = −1, π = 1)
|G|n
(dimVχ)n
hλQλ(χ), (ν
ξ
2(χ) = ±1, π = ι : Qλ is a Schur′s Q− function)
|G|n
(dimVχ)n
hλSλ(χ) (ν
ξ
2(χ) = 0 : Sλ is a Schur function),
where hλ (resp. hλ) denotes the product of hook lengths (resp. shifted hook lengths) of λ.
Here J˜
( 1
2
)
λ is defined by J˜
( 1
2
)
λ = ψ2(J
( 1
2
)
λ ) for an isomorphism ψ : pr 7→ 12pr on the ring of
symmetric functions.
Proof. For finite sets A and B, we set two kinds of power sums pr(a) (a ∈ A) and pr(b)
(b ∈ B) and change variables by setting pr(a) =
∑
b∈B
ab(r)
ζb
pr(b). We consider a symmetric
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function Fλ(a) =
∑
ρ⊢n z
−1
ρ b
λ
ρpρ(a) and compute
Fλ(a) =
∑
ρ⊢n
bλρ∏n
r=1mr(ρ)!r
mr(ρ)
n∏
r=1
pr(b)
mr(ρ)
=
∑
ρ⊢n
bλρ∏n
r=1 r
mr(ρ)
n∏
r=1
 ∑∑
bmr(ρ(b))=mr(ρ)
1∏
b∈B mr(ρ(b))!
×
∏
b∈B
(
ab(r)
ζb
pr(b))
mr(ρ(b))

=
∑
ρ⊢n
bλρ
n∏
r=1
 ∑∑
bmr(ρ(b))=mr (ρ)
1∏
b∈B r
m(ρ(b))mr(ρ(b))!
×
∏
b∈B
(
ab(r)
ζb
pr(b))
mr(ρ(b))

=
∑
(ρ(b)|b∈B)⊢n,
∪ρ(b)=ρ
∑
ρ⊢n
bλρ
∏
b∈B
∏n
r=1 ab(r)
mr(ρ(b))∏
b∈B zρ(b)ζ
ℓ(ρ(b))
c
∏
b∈B
n∏
r=1
pr(b)
mr(ρ(b)).
In the below, we set A = G∗∗ξ , B = G∗∗, ζb = ζgR(b ∈ R) and agR(r) =

ξ(gR)χ(gR)+ǫ
r−1
π χ(gR)
2
, (R real)
ξ(gR)χ(gR) + ǫ
r−1
π χ(gR), (R complex).
From [7, 12], 
J
(2)
λ = |Hn|
∑
ρ∈Pn
z−12ρ ω
χ,λ
ξ,1 ([ρˆ])pρ (ν
ξ
2(χ) = 1),
J
( 1
2
)
λ′ =
|Hn|
2n
∑
ρ∈Pn
z−1ρ (−1)nωχ,λξ,1 ([ρˆ])pρ (νξ2(χ) = −1),
Qλ = 2
ngλ
∑
ρ∈OPn
z−1ρ ν
ξ
2(χ)
nωχ,λξ,ι ([ρˆ])pρ (ν
ξ
2(χ) = ±1)
Sλ =
∑
ρ∈Pn
z−1ρ χ
λ
ρpρ.
We consider the cases of νξ2(χ) = ±1, i.e. χ = ξ ⊗ χ. In this case, we have
pr(χ) =
∑
R∈G∗∗;real
(1 + ǫrπ)χ(gR)
2ζgR
pr(R) +
∑
R∈G∗∗;complex
(1 + ǫrπ)χ(gR)
ζgR
pr(R).
From [10, Proposition 5.15], we have the order of each double coset Dρ = HGnx(ρ)HGn;
|Dρ| = |HGn|2
∏
R=C∈G∗∗
C=C−1
1
z2ρ(R)ζ
ℓ(ρ(R))
C
×
∏
R=C∪C−1∈G∗∗
C 6=C−1
1
zρ(R)ζ
ℓ(ρ(R))
C
.
Using these notations, Fλ is rewritten as
Fλ =
1
|HGn|2
∑
|ρ|=n
∏
R∈G∗∗
χ(gR)
ℓ(ρ(R))bλρˆ |Dρ|
∏
R∈G∗∗
2ℓ(ρ(R))Pρ(G∗∗).
Therefore we have
J
(2)
λ (χ) =
|Hn|(dimVχ)n
|HGn|2
∑
ρ∈P ξ,1∗∗
|Dρ|Ωχ,λξ,1 (x(ρ))Pρ = 1|HGn|
(dimVχ)n
|G|n
CHπ(Ω
χ,λ
ξ,1 ) (ν
ξ
2(χ) = 1),
J˜
( 1
2
)
λ (χ) =
|Hn|(dimVχ)n
|HGn|2
∑
ρ∈P ξ,1∗∗
|Dρ|Ωχ,λξ,1 (x(ρ))Pρ = 1|HGn|
(dimVχ)n
|G|n
CHπ(Ω
χ,λ
ξ,1 ) (ν
ξ
2(χ) = −1),
Qλ(χ) =
2ngλ(dimVχ)n
|HGn|2
∑
ρ∈P ξ,ι∗∗
|Dρ|Ωχ,λξ,ι (x(ρ))2ℓ(ρˆ)Pρ = hλ|HGn|
(dimVχ)n
|G|n
CHπ(Ω
χ,λ
ξ,ι ) (ν
ξ
2(χ) = ±1).
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Here gλ denotes the number of shifted standard tableaux of shape λ. It is fact that
hλ =
n!
gλ
. We consider νξ2(χ) = 0, i.e. χ 6= ξ ⊗ χ. Then we have
Sλ(χ) =
2n dimSλ(χ)
|HGn|2
∑
ρ∈P ξ,π∗∗
|Dρ|Ωχ,λξ,π (x(ρ))Pρ =
hλ
|HGn|
(dimVχ)
n
|G|n CHπ(Ω
χ,λ
ξ,π ).

Now we state the main theorem of this paper.
Theorem 6.2. We recall the notations of Theorem 4.12. For λ ∈ P ∗∗ξ,π, we have
|HGn|−1CH(Ωξ,πλ ) =
∏
χ∈G∗∗ξ
Fλ(χ)
Here
Fλ(χ) =

(dimVχ)n
|G|n
J
(2)
λ (χ), (ν
ξ
2(χ) = 1, π = 1)
(dimVχ)n
|G|n
J˜
( 1
2
)
λ (χ), (ν
ξ
2(χ) = −1, π = 1)
(dimVχ)n
|G|n
hλQλ(χ), (ν
ξ
2(χ) = ±1, π = ι)
(dimVχ)n
|G|n
hλSλ(χ) (ν
ξ
2(χ) = 0),
Proof. In Theorem 5.1, we have already written down Θξ,π-spherical function in the form
of product of idempotents. Since e
Θξ,π
n = e
Θξ,π
n e
Θξ,π
HGn∩S˜G(n(λ))
, we have
e
Θξ,π
n e(λ)e
Θξ,π
n = dimS(λ)
|S˜G(n(λ))|
|SG2n| ×
1
|S˜G(n(λ))|
e
Θξ,π
n
∏
χ∈G∗∗
ξ
Ω
χ,λ(χ)
ξ,π e
Θξ,π
n .
In the above, we use an general formula of φ-spherical functions ωχ of a Gelfand triple
(G,H, φ); ωχ =
|G|
χ(1)
eχeφ. Therefore we have
Ωξ,πλ =
|HGn|
|HGn ∩ S˜G(n(λ))|
e
Θξ,π
n
∏
χ∈G∗∗
ξ
Ω
χ,λ(χ)
ξ,π e
Θξ,π
n .
Since CHπ is a ring isomorphism, we have
CHπ(Ω
χ,λ(χ)
ξ,π ) = |HGn|
∏
χ∈G∗∗
ξ
Fλ(χ)(χ),
from Proposition 6.1. 
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7. The Case of G = Z/2Z
In the last section, we consider a special case; G = Z/2Z = {1,−1}. Then we remark
that SG2n is isomorphic to H2n and HGn is isomorphic to a wreath product of Kleinsche
Vierergruppe with a symmetric group. In this case, G∗∗ = {{1}, {−1}}. Let ε be the sign
representation of G and π. For π = 1 or δ , the irreducible decomposition is
Θε,π ↑SG2nHGn =
⊕
|λ|=n
Sλ,λ(χ, ε)
and non-vanishing double coset is {HGnx(ρ)HGn | ρ = (ρ({1}), ∅)} from Theorem 4.12.
From Proposition 5.4, the Θε,1-spherical function corresponding to S
λ,λ(χ, ε) is
Ω1,λε,π(x(ρ, ∅)) =
hλ
2n−ℓ(ρ)n!
χλρ .
For π = ι or δ ⊗ ι , the irrreducible decomposition is
Θε,π ↑SG2nHGn =
⊕
|λ|=n
Sλ,λ
′
(χ, ε)
and non-vanishing double coset is {HGnx(ρ({1}), ρ({−1}))HGn | ρ({1}) ∈ OP, ρ({−1}) ∈
EP} from Theorem 4.12. Put ρ = ρ({1}) ∪ ρ({−1}). From Proposition 5.4, the Θε,1-
spherical function corresponding to Sλ,λ
′
(χ, ε) is
Ω1,λε,π(x(ρ({1}), ρ({−1}))) =
hλ
2nn!
χλρ2
ℓ(ρ({1}))(−2)ℓ(ρ({−1})) = hλ
2n−ℓ(ρ)n!
χλ
′
ρ .
In conclusion, tables of Θε,π-spherical function of this case can be obtained by multiplying
the character table of the symmetric group by some diagonal matrices from both sides.
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